Let Γ be a group generated by two positive multi-twists. We give some sufficient conditions for Γ to be free or have no "unexpectedly reducible" elements. For a group Γ generated by two Dehn twists, we classify the elements in Γ which are multi-twists. As a consequence we are able to list all the lanternlike relations in the mapping class groups. We classify groups generated by powers of two Dehn twists which are free, or have no "unexpectedly reducible" elements. In the end we pose similar problems for groups generated by powers of n ≥ 3 twists and give a partial result.
Introduction
In a meeting of the American Mathematical Society in Ann Arbor, MI in March 2002, John McCarthy posed the following question: Suppose a collection of simple closed curves satisfy the lantern relation (see Figure 2) algebraically. Is it true that they must form a lantern, as in the same figure, given the same commutativity conditions? In this article we consider groups that are generated by two multi-twists and give conditions that guarantee the group is free or does not contain an accidental multitwist. This will, in particular, answer McCarthy's question to the affirmative (see Theorem 6.4) .
To make this precise, let S be an oriented surface, possibly with punctures. For the isotopy class of 1 a simple closed curve c on S let T c denote the right-handed Dehn twist about c. Let (c 1 , c 2 ) denote the minimum geometric intersection number of isotopy classes of 1-sub-manifolds c 1 , c 2 . By M(S) we denote the mapping class group of S, i.e, the group of homeomorphisms of S which permute the punctures, up to isotopies fixing the punctures.
The free group on n generators will be denoted by F n . Let A = {a 1 , · · · , a k } be a collection of non-parallel, non-trivial simple closed curves. For any integers m 1 , · · · , m k , we call
a multi-twist. If, furthermore, all m i > 0, we call T A a positive multi-twist. We will study the group generated by two positive multi-twists in detail. We will give explicit conditions which imply T A , T B ∼ = F 2 (see Theorem 3.2). For a group T a , T b generated by two Dehn twists, we give a complete description of elements: We determine which elements are multi-twists, and which elements are pseudo-Anosov restricted to the subsurface which is a regular neighborhood of a ∪ b (see Theorems 3.5, 3.8, and 3.9). A mapping class f is called pseudo-Anosov if f n (c) = c (up to isotopy) for all non-trivial simple closed curves c and n > 0. Let A = {a 1 , a 2 , · · · , a n } be a set of non-parallel, nontrivial simple closed curves on S. The surface filled by A, denoted S A is a regular neighborhood N of a 1 ∪· · ·∪a n together with the components of S \N which are discs with 0 or 1 punctures, assuming that a i 's are drawn as geodesics of some constantcurvature metric. S A is well-defined independent of chosen metric [5] . We say that A fills up S if S A = S. Definition 1.1 Let w = T n 1 c 1 · · · T n k c k be a cyclically-reduced word, i.e, c 1 = c k . Define supp(w) = S {c 1 ,··· ,c k } . Then we say w is relatively pseudo-Anosov if The restriction of the map w is pseudo-Anosov in M(U), for all components U of supp(w) which are not annuli. If g = hwh −1 with w cyclically-reduced, define supp(g) = h(supp(w)). Then define g to be relatively pseudo-Anosov in the same way as above.
Notice that a power of a Dehn twist T n i c i is relatively pseudo-Anosov since its support is an annulus. Similarly a multi-twist is also relatively pseudo-Anosov. A group Γ generated by multi-twists is relatively pseudo-Anosov if every reduced word in generators of Γ is relatively pseudo-Anosov.
Intuitively, a group Γ generated by multi-twists is relatively pseudo-Anosov if no element of Γ has "unexpected reducibility".
It should be noticed that in the case of two curves a, b filling up a closed surface this was done by Thurston as a method to construct pseudo-Anosov elements; i.e., he showed that T a , T b is free and consists of pseudo-Anosov elements besides powers of conjugates of the generators [4] . Our methods are completely different and elementary, and are only based on how the geometric intersection behaves under Dehn twists.
One surprising result that we find is a lantern-like relation:
γ , where these curves are defined in Figures 3 and 4 (see Theorem 5.1). This relation is lantern-like in the sense that the right hand side is a word in two Dehn twists about intersecting curves and the left hand side is a multi-twist. We then prove that this relation and the lantern relation are the only lantern-like relations (Theorem 6.4).
In the case when n ≥ 3, we give some sufficient conditions for Γ = T a 1 , · · · , T an ∼ = F n . To motivate our condition, look at the case Γ = T a 1 , T a 2 , T a 3 , and assume
2 , by Lemma 2.1. This shows that the set I = {(a i , a j ) | i = j} is "spread around". It turns out this is in a sense an obstruction for Γ ∼ = F n :
Theorem. Suppose Γ = T a 1 , · · · T a h , and let m = min I and M = max I, where
We will prove a more general version of this (see Theorem 7.2). It should be noticed that similar arguments have been used to prove that certain groups generated by three 2 × 2 matrices are free [1, 12] .
In Section 2 we go over basic fact about Dehn twists and geometric intersection pairing and different kinds of ping-pong arguments we are going to use. In Section 3 we prove our general theorems about groups generated by two positive multi-twists. In Section 4 we look at the specific case of a lantern formation. In Section 5 we look at a formation which produces a lantern-like relation. In Section 6 we prove that the only possible lantern-like relations are the ones given in Theorem 6.1. In Section 7 we prove a Theorem on groups generated by n Dehn twists. In Section 8 we pose some questions that are of similar flavor.
Note. After the completion of this work, the author learned that Dan Margalit has obtained some results on the subject of lantern relation [11] . In fact, he uses different methods, using the action of the mapping class group on homology. It should be noticed that Theorem 6.1 answers the first question in Section 7 of [11] .
Basics
For two isotopy classes of closed 1-sub-manifolds a, b of S let (a, b) denote their geometric intersection number. For a set of closed 1-sub-manifolds A = {a 1 , · · · , a n } and a simple closed curve x put
For a non-trivial simple closed curve let T a be the (right-handed) Dehn twist in curve a. The following lemma is proved in [4] . Lemma 2.1 For simple closed curves a, x, b, and n ≥ 0,
Let a = {a 1 , · · · , a k } be a collection of distinct, mutually disjoint non-trivial isotopy classes of simple closed curves. For integers n i > 0, the mapping class
is called a positive multi-twist. We also have the following lemma:
See the proof of lemma 4.2 in [6] . The statement of that lemma has the expression |n| − 2 instead of |n| above. Using the assumption that all n i are positive, the same proof goes through to prove the improved statement above. Alternatively, see [8] .
The classic ping-pong argument was used first by Klein [10] . We give two versions where we are going to use. The group Γ can be a general group.
Assume that there are n non-empty mutually disjoint subsets
Proof. First notice that a reduced word of the form w = f *
n is conjugate to a w of the above form.
Lemma 2.4 (Tower ping-pong) Let
Γ be a group generated by f 1 , · · · , f n . Suppose Γ acts on a set X, and there is a function ||.|| : X → R ≥0 , with the following properties: There are n non-empty mutually disjoint subsets
Moreover, the action of every g ∈ Γ which is not conjugate to some power of some f i on X has no periodic points.
To prove the last assertion, notice that it's enough to show the claim with "fixed points" replaced by "periodic points". Any element of Γ which is not conjugate to a power of some f i is conjugate to some reduced word of the form w = f * j · · · f * i with i = j. Now suppose w(x) = x. First assume x ∈ X \ X i . Then by assumption ||w(x)|| > ||x|| which is impossible. If on the other hand, x ∈ X i and w(x) = x, then w
But again by assumption ||w −1 (x)|| > ||x||, which is a contradiction.
Groups generated by two positive multi-twists
Let a = {a 1 , · · · , a k } and b = {b 1 , · · · , b l } be two collections of isotopy classes of non-trivial,mutually disjoint simple closed curves on S, respectively. Let m 1 , · · · , m k , and n 1 , · · · , n l be positive integers. In this section we will set
• X = {x | x is an isotopy class of simple closed curve and ||x|| A > 0 }.
Notice that a ∈ N a,λ and b ∈ N b,λ −1 , and
Lemma 3.1 With the above notation,
This proves (i). By symmetry we immediately get (iii). Now notice that for
This proves (ii), and by symmetry (iv).
Theorem 3.2 For Two positive multi-twists
on the surface S, the group T a , T b ∼ = F 2 if both of the following conditions are satisfied:
Proof. The group T a , T b acts on X = {x | ||x|| A > 0}, where A = {a, b}. Now use the sets X 1 = N a,1 and X 2 = N b,1 in Lemma 2.3 together with Lemma 3.1 (i), (ii).
is not a connected surface, and U is one of its components, we can look at the group Γ| U . Certainly if Γ| U ∼ = F 2 then Γ ∼ = F 2 as well. Notice that an element g| U ∈ Γ| U is obtained by dropping the twists in curves which can be isotoped off U from g ∈ Γ. So let us characterize the groups Γ such that supp(Γ) is connected.
Theorem 3.4 For Two positive multi-twists
Proof. By Theorem 3. One can completely answer the question "when is a group generated by powers of Dehn twists isomorphic to F 2 ?", as follows: are not free for n = 1, 2, 3. Let's denote T a by a and T b by b for brevity. We know that (ab) 6 commutes with both a and b, (see Figure 1 ; for a proof of this relation see [7] .) so the case n = 1 is non-free. Also, notice the famous braid relation aba = bab (see, for instance [7] ). Now consider the case n = 2. Observe that
is in the center of a, b 2 . In the case n = 3, notice that
Therefore (ab 3 ) 3 is in the center of a, b 3 .
Let T a , T b be two positive multi-twists. In the rest of this section we answer the question "which elements in T a , T b are relatively pseudo-Anosov?"(see Definition 1.1).
An element f ∈ M(S) is called pure [6] 
it are pure. Ivanov showed that M(S) contains finite-index pure subgroups, namely, ker(M(S) → H 1 (S, mZ)) for m ≥ 3 [6] . Proof. We use Lemma 2.4 together with Lemma 3.1 (ii), (iv). First assume that λ = 1 + ǫ where ǫ is a small irrational number. Notice that X = N a,λ ∪ N b,λ −1 . If all m i (a i , b) ≥ 2 > 2λ −1 and n i (a, b i ) ≥ 3 > 2λ, one can use Tower ping-pong to show that if a simple closed curve intersects supp(Γ) then it cannot be mapped to itself by any element of Γ except conjugates of powers of T a and T b , which are already known to be pure and relatively pseudo-Anosov. This proves (i). Similarly by using λ = 1 − ǫ, ǫ ∈ R \ Q in Lemma 3.1 (ii), (iv), we get (ii). To get parts (iii), (iv),we can set λ = 1/2 + ǫ and λ = 1/2 − ǫ respectively and argue similarly. (ii) Either (a, b) ≥ 3, or (a, b) = 2 and (m, n) = (1, 1) , or (a, b) = 1 and {m, n} / ∈ {{1, 1}, {1, 2}, {1, 3}, {2, 2}}.
Theorem 3.6 For Two positive multi-twists
T a = T m 1 a 1 · · · T m k a k and T b = T n 1 b 1 · · · T
This in particular proves
Proof. If (a, b) ≥ 3, then Γ is relatively pseudo-Anosov for all m, n > 0 by Theorem 3.6. If (a, b) = 2 then Γ is relatively pseudo-Anosov if m > 1 or n > 1 by Theorem 3.6. We prove that if (a, b) = 2 then Γ = T a , T b is not relatively pseudoAnosov. We consider two cases.
Case 1: (a, b) = 2 and the algebraic intersection number of a, b is also 2. In this case both a, b can be embedded in a twice punctured torus subsurface of S (see Figure 3 ). We will prove in Proposition 5.1 that (T b T a ) 2 is in fact a multi-twist. , where |k| ≥ 4. But any element which is not conjugate to a power of T a can be written in that form, up to conjugacy.
We saw that if a, b are two simple closed curves with (a, b) ≥ 2, a word w(T a , T b ) ∈ T a , T b is not relatively pseudo-Anosov except possibly when (a, b) = 2. In the following theorem we specify somewhat more which such words may not be relatively pseudo-Anosov. 
Proof. Clearly T a and T b are both pure and relatively pseudo-Anosov. So in what follows we assume that w is a cyclically reduced word of length > 1. Let X, A, N a,1 , N b,1 be defined as in the beginning of this section. Let
By Lemma 3.1, we have T a (x) ∈ N a,1 and hence ||w n (x)|| > ||x|| for all n > 0. Hence w n (x) = x for all integers n. If x ∈ N a,1 , then ||w −n (x)|| > ||x|| for n > 0, and so w n (x) = x for all n. This shows that w represents an element that is relatively pseudo-Anosov. The case were of some |n i | > 1 follows by symmetry by replacing w with w −1 . So let's assume that for all 1 ≤ i ≤ k, we have m i , n i = ±1. If w is not conjugate to a power of
a , by conjugating w we can assume either m 1 = m 2 , or n k = n k−1 . We assume the former. The latter can be dealt with similarly by symmetry and replacing w with w −1 . In this case the word w could have any of the following forms:
a (x), a) = p and by Lemma 2.1,
a (x), a) = p. At this point it looks like the argument is going to go on forever, but here is a new ingredient. For any mapping class f , we have the following well-known equation:
This follows from Lemma 2.1:
. Now by the same lemma,
a (x) ∈ N a,1 , and so w n (x) = x for all n ≥ 0. The other cases 2,3,4 follow similarly. 4 The case of two simple closed curves with intersection number 2 generating a 4-punctured Sphere
Let a, b be two simple closed curves such that (a, b) = 2 and S a,b is a four-holed sphere. (Figure 2) .
was discovered by Dehn [3] and later on by Johnson [9] . A proof of the lantern relation can be found in [7] . Note the commutativity between the various twists. a c ∂ 2 Proof. The lantern relation implies:
Which shows that T a T b (and hence its conjugate T b T a ) is a multi-twist. Notice that sections are the same sign. In this case a and b are both non-separating. One can therefore assume, up to isotopy that they are as given in Figure 3 . Since the regular neighborhood of a ∪ b is homeomorphic to S 1,2,0 , the surface generated by a, b is S 1,i,0 , for i = 0, 1 or 2.
Assume that S {a,b} = S 1,2,0 . Let γ and γ ′ be the curves defined in Figure 4 . By following Figure 4 and drawing some pictures, one can see that (T b T a ) 2 (γ) = γ, preserving the orientation. Since by definition T b T a (γ) = γ ′ , one also gets (T b T a ) 2 (γ ′ ) = γ ′ . Now notice that γ and γ ′ cut up S 1,2,0 into two pairs of pants. Hence (T b T a ) 2 is a multi-twist in curves γ, γ ′ , ∂ 1 and ∂ 2 . Figures 3 and 4 , we have
Proposition 5.1 With the notation in
Proof. Since (T b T a ) 2 fixes ∂ 1 , ∂ 2 , γ and γ ′ , it has to be a multi-twist in these curves. We consider an arc Joining ∂ 1 to ∂ 2 crossing γ once as in Figure 5 . We apply (T b T a ) 2 to I, and the result is the same as applying T ∂ 1 T ∂ 2 T −4 γ to I. (again see Figure 5 ).
where n is to be found. One can argue by drawing another arc joining ∂ 1 to ∂ 2 passing through γ ′ once, but here is a simpler way: We know that (T b T a )(γ) = γ ′ and (T b T a )(γ ′ ) = γ (see Figure 4) , so if we conjugate the above equation by T b T a , we get:
which shows that n = −4.
is relatively pseudo-Anosov.
Proof. Restricted to S 1,0,2 (the boundary components ∂ 1 , ∂ 2 shrunk to punctures), we have
γ ′ . this gives
Using Theorem 3.6 (i), we know that the group T (i) The curves a, b have algebraic intersection number 0, the word w can be cyclically reduced to (T a T b ) n for some n ∈ Z, and Figure 2) .
(ii) The curves a, b have algebraic intersection number 2, the word w can be cyclically reduced to (T b T a ) 2n for some n ∈ Z, and (T b T a ) Figures 3, 4) .
Proof. By Theorem 3.6 (a, b) = 2, because otherwise w will be relatively pseudo Anosov. Now apply Proposition 4.1 and Corollary 5.3. We have a short exact sequence [2] 0 → Z → M 1,1,0 → M 1,0,1 = SL(2, Z) → 0.
The Dehn twists T a and T b in Figure 1 induce the matrices t = 1 0 −1 1 and s = 1 1 0 1 in SL(2, Z), respectively. Clearly tst = q and hence SL(2, Z) = t, s . In this case, a word in T a , T b is pseudo-Anosov if and only if the trace of the corresponding matrix has absolute value of 2 or more. Such a word is a multi-twist if the corresponding matrix has trace 2. Proof. We have to only show that, if (a, b) = 1, they cannot form a lantern-like relation. But in that case, a, b are supported in a once-punctured torus, hence T C can be made of twists in the boundary and at most one simple closed curve in that torus.
7 Groups generated by n ≥ 3 powers of twists
In this section the phrase "i = j = k" means that i, j, k are distinct. Let a 1 , · · · a n be n ≥ 3 simple closed curves on a surface S such that (a i , a j ) > 0 for i = j. Let λ ijk > 1 and µ ij > 0 (for i = j = k) be real numbers such that µ ji = µ −1 ij . Put λ = (λ ijk ) i =j =k and µ = (µ ij ) i =j . Define the set of simple closed curves N a i = N a i ,λ,µ = {x | (x, a i ) < µ ij (x, a j ), (x, a k ) (x, a j ) < λ ijk (a i , a k ) (a i , a j ) , ∀j = k = i}, for i = 1, · · · , n. Note that a i ∈ N a i . 
Questions
We end this paper by looking at some questions. Consider the group Γ = T
, T n b , where the simple closed curves are defined in Figure 6 , and they satisfy the torus relation (T a 1 T a 2 T b ) 4 = T δ 1 T δ 2 . It is interesting to find out if there are any torus-like relations. Theorems 3.2 and 3.6 will restrict the search. In particular, is it true that T 2 a 1 T a 2 , T b = F 2 ?
Question. Under what conditions Γ = T a 1 , · · · , T an is relatively pseudo-Anosov?
